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TRANSLATED POINTS ON HYPERTIGHT CONTACT MANIFOLDS
MATTHIAS MEIWES AND KATHRIN NAEF
Abstract. A contact manifold admittting a supporting contact form without contractible
Reeb orbits is called hypertight. In this paper we construct a Rabinowitz Floer homology
associated to an arbitrary supporting contact form for a hypertight contact manifold Σ,
and use this to prove versions of conjectures of Sandon [San13] and Mazzucchelli [Maz15]
on the existence of translated points and invariant Reeb orbits, and to show that positive
loops of contactomorphisms give rise to non-contractible Reeb orbits.
1. Introduction
Floer theory has been used to define invariants for contact manifolds. One type of Floer
homology is the so called Rabinowitz Floer homology, which was introduced by Cieliebak
and Frauenfelder [CF09] and whose chain complex is generated by closed Reeb orbits.
In order to define a Floer homology one always needs to show compactness for certain
moduli spaces. Let (Σ, ξ) be a closed coorientable contact manifold and α a supporting
contact form. We want to define Rabinowitz Floer homology on the symplectisation Σ ×
(0,+∞). Unfortunately compactness typically fails at the concave end.
A contact manifold (Σ, ξ) is called hypertight if it admits a supporting contact form, say α0,
without any contractible Reeb orbits. For instance, the three torus T3 equipped with the
contact structure αk = cos(2πkr) ds+sin(2πkr) dt is a hypertight contact manifold. Certain
prequantisation spaces are hypertight as well, see Example 1.5 below. More constructions
of hypertight contact manifolds can be found in [CH05]. Using an SFT-compactness re-
sult, Albers, Fuchs and Merry [AFM13] constructed Rabinowitz Floer homology on the
symplectisation provided that the contact form is without contractible Reeb orbits. The
main point of their argument is, that if a flow line would escape to −∞ it converges to
contractible Reeb orbits.
In this paper, we define Rabinowitz Floer homology RFH∗(Σ, α) for any contact form
α supporting a hypertight contact structure, including those which do have contractible
Reeb orbits. This Rabinowitz Floer homology RFH∗(Σ, α) does not depend on the choice
of supporting contact form. More precisely, denoting by C(ξ) the set of all supporting
contact forms of ξ, we construct an isomorphism between RFH∗ (Σ, α1) and RFH∗ (Σ, α2)
for any two α1, α2 ∈ C(ξ).
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We denote by Cont0 (Σ, ξ) the space of all contactomorphisms on Σ which are contact-
isotopic to the identity and similarly PCont0 (Σ, ξ) the space of all paths ϕˆ = {ϕt}t∈[0,1] of
contactomorphisms which start at the identity.
Let ϕ ∈ Cont0 (Σ, ξ) and α ∈ C(ξ). Sandon [San13] introduced the important notion of
translated points: a point x ∈ Σ is a translated point of ϕ with respect to α, if there
exists η ∈ R such that
ϕ(x) = ϕηR(x) and ϕ
∗α|x = α|x .
We stress that the definition of a translated point depends on the contact form.
We denote by RFH∗ (Σ, α1; ϕˆ) the Rabinowitz Floer homology of the pair (ϕˆ;α) whose
chain complex has as generators orbits where first one flows along a Reeb orbit and then
along the path ϕˆ until one hits the Reeb orbit again. In particular, if ϕˆ = id the generators
are closed Reeb orbits, and (by definition) RFH∗(Σ, α; id) = RFH∗(Σ, α).
The main technical result of this paper is the following.
Theorem 1.1. Let (Σ, ξ) be a hypertight contact manifold and ϕˆ ∈ PCont0 (Σ, ξ). For any
two α1, α2 ∈ C(ξ), the Rabinowitz Floer homology groups RFH∗(Σ, αi; ϕˆ) are well defined,
and there are isomorphisms
RFH∗ (Σ, α1; ϕˆ) ∼= RFH∗ (Σ, α2; ϕˆ) ∼= H∗+n−1 (Σ;Z2) .
The main application of Theorem 1.1 resolves certain cases of conjectures of Sandon and
Mazzucchelli on the existence of translated points.
Remark 1.2. Translated points are a special case of leafwise intersection points. The study
of leafwise intersection points was initiated by Moser [Mos78] and since then many authors
have proved existence results, e.g. [Ban78], [EH89], [Hof90], [Gin07], [Zil10], [AF10b],
[San13]. Albers and Frauenfelder [AF10a] set up the variational problem so that it targets
precisely leafwise intersections, respectively translated points.
The following proves versions of a conjecture by Sandon [San13, Conjecture 1.2] for certain
contact manifolds.
Theorem 1.3. Let (Σ, ξ) be a hypertight contact manifold. Then:
i) For any α ∈ C(ξ) and for any ϕ ∈ Cont0 (Σ, ξ) there exists a translated point of ϕ
with respect to α.
ii) For a generic pair (α, ϕ), α and ϕ as above, the number of translated points of ϕ
with respect to α is bounded from below by
∑dim(Σ)
i=0 dimHi(Σ;Z2).
The above result is already known for supporting contact forms α without contractible
Reeb orbits, [AFM13]. Theorem 1.3 extends this to all supporting contact forms. In
[San13] similar results were proved for the specific contact manifolds S2n−1 and RP2n−1,
equipped with their standard contact forms.
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Remark 1.4.
i) The second statement of Theorem 1.3 can be improved: for any α and generic ϕ
one of the following holds: (a) there is a translated point on a closed contractible
Reeb orbit or (b) there are at least
∑dim(Σ)
i=0 dimHi(Σ;Z2) many translated points.
ii) If the oscillation norm of the associated contact Hamiltonian (cf. Definition 2.1) of
ϕ is smaller than the smallest contractible Reeb period of the contact form option
(b) above is always true.
Example 1.5. An important class of examples of hypertight manifolds come from certain
prequantisation spaces. Let (M,ω) be a closed symplectic manifold and assume that the
de Rham cohomology class [ω] has a primitve integral lift in H2 (M ;Z2). Now, we look
at the circle bundle p : Σk → M with corresponding Euler class k[ω], 0 6= k ∈ Z and
connection 1-form α with p∗(kω) = −dα. Then, (Σk, α) is a contact manifold with periodic
Reeb flow. The closed Reeb orbits are the fibres of the bundle. Moreover, the long exact
sequence of the fibration
π2 (M)
qk→ π1
(
S1
)→ π1 (Σk)→ π1 (M)→ 0.
shows that the map qk is non-trivial if and only if the homotopy class of the fibre is torsion.
Note that if qk is non-trivial, then qnk is non-trivial for each n 6= 0. It follows from [AFM13,
Theorem 1.5] that a prequantisation space is hypertight if the fibre is not torsion.
Another application of Theorem 1.1 concerns the existence of ϕ-invariant Reeb orbits.
We define SCont0(Σ, α) := {ϕ ∈ Cont0(Σ, ξ)|ϕ∗α = α} to be the set of strict contac-
tomorphisms in Cont0(Σ, ξ) with respect to the supporting contact form α. For ϕ ∈
SCont0 (Σ, ξ), a Reeb orbit x : R→ Σ is called ϕ-invariant if ϕ(x(t)) = x(t+ τ) for some
τ ∈ R\{0}. In [Maz15, Conjecture 1.2] Mazzucchelli conjectures that for ϕ ∈ SCont0 (Σ, ξ)
there always is a ϕ-invariant Reeb orbit. Specialising Theorem 1.3 i) to strict contacto-
morphims, we prove Mazzucchelli’s conjecture for hypertight contact manifolds:
Corollary 1.6. Let (Σ, ξ) be a hypertight contact manifold. Let α ∈ C(ξ) and fix ϕ ∈
SCont0 (Σ, α). Then either there exists a ϕ-invariant Reeb orbit or an entire Reeb orbit is
left fixed by ϕ.
Another application of Theorem 1.1 is the study of the existence of non-contractible closed
Reeb orbits. Given a loop ϕˆ = {ϕt}t∈[0,1] ∈ PCont0 (Σ, ξ), let us denote by uϕˆ ∈ [S1,Σ] the
free homotopy class of the loop t 7→ ϕt(x). Recall a loop of contactomorphisms is called
positive if the associated contact Hamiltonian is positive, see Definition 2.1. In [AFM13]
it was shown that on hypertight contact manifolds, there do not exist any contractible
positive loops of contactomorphisms.
Theorem 1.7. Let (Σ, ξ) be a hypertight contact manifold. Assume there exists a positive
loop ϕˆ of contactomorphisms. Then the class uϕˆ is a non-trivial element of [S
1,Σ], and
for any α ∈ C(ξ) there exists a closed Reeb orbit of α in the free homotopy class of −uϕˆ
(which is thus necessarily non-contractible).
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Note that again this result holds for any supporting contact form.
Example 1.8. If a contact manifold (Σ, ξ) admits a supporting contact form with periodic
Reeb flow then the Reeb flow itself constitutes a positive loop. Thus prequantisation spaces
always admit a positive loop. If in addition the fibre is not torsion then they are examples
of hypertight contact manifolds with a positive loop of contactomorphisms.
Remark 1.9. In a sequel to the present paper, we extend the constructions in this paper
to deduce analogous results for dynamically convex manifolds. Here a contact manifold
is called dynamically convex if the normalised Conley Zehnder index of every closed con-
tractible Reeb orbit is nonnegative, see [HWZ98].
Acknowledgement: We thank Peter Albers and Will Merry for many enriching discussions
and helpful comments. We also thank Paul Biran for his advice.
2. The perturbed Rabinowitz action functional
In this paper, we always assume that the contact manifold is hypertight.
Let (Σ, ξ) be a closed coorientable contact manifold with ξ a hypertight contact structure.
Let α0 ∈ C(ξ) be a supporting contact form without contractible Reeb orbits. Denote by
R0 the Reeb vector field of α0 and by ϕ
s
R0
: Σ → Σ its Reeb flow. Let α1 ∈ C(ξ) be any
other supporting contact form, which possibly has contractible Reeb orbits. Then, there
is a function g : Σ→ (0,+∞) such that α1 = g · α0.
Let M := Σ× (0,+∞). We want to equip M with a symplectic form with primitive λ such
that λ equals rα1 near Σ × {1} and λ equals rα0 near Σ × {0}. For this contact form to
be symplectic it is crucial that we can homotope rα1 to rα0 in an increasing way along r.
Let 0 < ǫ < infx∈Σ g(x) and let ν > 0. Define
λ := f(x, r)α0,
where f : M → (0,+∞) is defined as
f(x, r) =
{
rg(x), for r > e−3ν
rǫ, for r < e−4ν
(1)
and such that ∂f
∂r
> 0. A direct computation shows that dλ is nondegenerate iff ∂f
∂r
> 0.
We set
Ων(α0, α1) =
{
λ ∈ Ω1(M) | λ = fα0, f satisfies (1) for some ǫ > 0 and ∂f
∂r
> 0
}
.
In the construction below we will fix λ ∈ Ων(α0, α1) after choosing a suitable ν > 0.
Suppose ϕ : Σ → Σ is a contactomorphism. Then there is a smooth positive function
ρ : Σ→ (0,+∞) such that ϕ∗α1 = ρα1.
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In the following, we always consider a contactomorphism which is contact-isotopic to the
identity.
Let ϕ ∈ Cont0 (Σ, ξ), then there is a path ϕˆ = {ϕt}t∈[0,1] with ϕt = 1, for t ∈
[
0, 1
2
]
and
ϕ1 = ϕ. We call such a path admissible. Also, there exists a smooth family of positive
functions ρt : Σ→ (0,+∞) such that ϕ∗tα1 = ρtα1.
Definition 2.1. The contact Hamiltonian of ϕˆ with respect to α1 is the function l : Σ ×
[0, 1]→ R defined by
lt ◦ ϕt = α1
(
d
dt
ϕt
)
. (2)
We extend l to a Hamiltonian function L : M × [0, 1]→ R by
Lt(x, r) := rlt(x).
The Hamiltonian diffeomorphism φtL : M → M associated to L and the symplectic form
dλ is given by
φtL(x, r) =
(
ϕt(x), rρt(x)
−1
)
(3)
on the interior of {(x, r) ∈M | λ = rα1} and thus in particular on Σ× (e−ν , eν).
Moreover, let
H(r) =

c, for r ∈ (e2ν ,+∞)
r − 1, for r ∈ (e−ν , eν)
−c, for r ∈ (0, e−2ν)
for some constant c ≥ max {1− e−ν , eν − 1} such that H ′(r) ≥ 0. We will also use H for
the function H(x, r) := H(r) on M . Note that
XH(x, r) =
∂H
∂r
(x, r)R1(x)
since ∂H
∂r
= 0 on the region where λ 6= rα1. Here, R1 denotes the Reeb vector field of α1.
Now, let κ : S1 → R be a smooth function with
κ(t) = 0, for all t ∈
[
1
2
, 1
]
and
∫ 1
0
κ(t) dt = 1.
We use κ to modify the Hamiltonian H to κ(t)H(x, r).
In the following, we want to cutoff the Hamiltonian L. In order to do so, we have to take
care that we cut off outside of the region where our perturbed functional will have its
periodic orbits. Define a smooth function βν ∈ C∞ (0,∞), [0, 1]) such that
βν(r) =
{
1, r ∈ (e−ν , eν)
0, r ∈ (0, e−2ν ] ∪ [e2ν ,+∞) .
We use βν to cutoff the Hamiltonian L via βνL.
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Let LM denote the set of contractible smooth loops u = (x, r) : S1 → M . Finally, we are
ready to define the perturbed Rabinowitz action functional associated to ϕˆ,
A(ϕˆ,ν)(α0,α1) : LM ×R→ R
A(ϕˆ,ν)(α0,α1)(x, r, η) :=
∫
S1
(x, r)∗λ− η
∫
S1
κ(t)H(r)dt−
∫
S1
βν(r)Lt(x, r) dt. (4)
A point (u(t), η) ∈M (where u(t) = (x(t), r(t))) is a critical point of A(ϕˆ,ν)(α0,α1) if{
u˙(t) = ηκ(t)XH(u(t)) + βν(r(t))XL(u(t))∫ 1
0
κ(t)H(u(t)) dt = 0.
Note that it follows that for a critical point H(u(t)) = 0 for t ∈ [0, 1
2
] and thus r(t) = 1 for
t ∈ [0, 1
2
].
Lemma 2.2. Assume that ϕˆ = {ϕt}t∈[0,1] ∈ PCont0(Σ, ξ) is an admissible path of contac-
tomorphisms and define
C(ϕˆ;α1) := max
t∈[0,1]
∫ t
0
max
x∈Σ
∣∣∣∣ ρ˙s(x)ρs(x)2
∣∣∣∣ ds. (5)
Let (x, r, η) ∈ Crit
(
A(ϕˆ,ν)(α0,α1)
)
. If ν > C(ϕˆ;α1) then every critical point of A(ϕˆ,ν)(α0,α1) has
image contained in Σ× (e−ν , eν)×R, i.e. r (S1) ⊂ (e−ν , eν).
The proof of the lemma is analogous to the proof of [AFM13, Lemma 3.5] after the ob-
servation that for ν > C(ϕˆ;α1) we have r (S
1) ⊂ (e−ν , eν) and the fact that λ = rα1 in a
neighborhood of all the critical points of the action functional A(ϕˆ,ν)(α0,α1).
From now on, we fix ν > C(ϕˆ;α1) and λ ∈ Ων(α0, α1) and write Aϕˆ(α0,α1) := A
(ϕˆ,ν)
(α0,α1)
.
Remark 2.3. Note that after the above choice of ν, at a critical point (u, η) it holds that
Aϕˆ(α0,α1)(u, η) =
∫
S1
λ(u˙(t)) dt−
∫ 1
1
2
Lt(u(t)) dt
= η +
∫
S1
(λ(XL(u))− Lt(u)) dt
= η
since Lt = rlt where lt is the contact Hamiltonian of the path ϕˆ with respect to α1.
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Definition 2.4. A path ϕˆ is nondegenerate if Aϕˆ(α0,α1) : LM × R → R is a Morse-Bott
function which means Crit
(
Aϕˆ(α0,α1)
)
⊂ LM is a submanifold and for each (u, η) ∈
Crit
(
Aϕˆ(α0,α1)
)
we have
T(u,η)Crit
(
Aϕˆ(α0,α1)
)
= kerHess
(
Aϕˆ(α0,α1)
)
(u, η).
see [Fra04] for more details.
It is standard to show that nondegeneracy is a generic property for paths of contactomor-
phisms.
We want to choose J an almost complex structure on M in such a way that it satisfies the
following properties.
Definition 2.5. Let α ∈ C(ξ). We say that an almost complex structure J is SFT-like with
respect to α, if
·) it is invariant under translations (x, r) 7→ (x, ecr) for c ∈ R,
·) it preserves ξ and
·) satisifes JRα = r∂r,
where Rα denotes the Reeb vector field wrt α.
Let J := {Jt}t∈S1 be a family of almost complex structures compatible with dλ. With
the sign conventions that we use this means that dλ(J ·, ·) defines a family of Riemannian
metrics on M . In the following, we always assume that J is independent of t outside a
compact set and
J is SFT-like wrt α0 on Σ× (0, e−4ν ] and SFT-like wrt α1 on Σ× [e2ν ,+∞). (6)
Note that the set of almost complex structures of the form (6) w.r.t. some α is connected.
For (u, η) ∈ LM ×R, let ⟪·, ·⟫J on T(u,η) (LM ×R) denote the L2-inner product defined
by
⟪(uˆ, ηˆ), (vˆ, τˆ)⟫J :=
∫
S1
dλ (Jtuˆ, vˆ) dt+ ηˆτˆ , (uˆ, ηˆ), (vˆ, τˆ) ∈ T(u,η) (LM ×R) .
The gradient ∇JAϕˆ(α0,α1)(u, η) with respect to the above inner product is given by
∇JAϕˆ(α0,α1)(u, η) =
(
Jt(u)
(
∂tu− ηκXH(u)− ∂βν(r)
∂r
XL(u)
)
,−
∫
S1
κH(u)dt
)
.
We look at negative gradient flow lines of ∇JAϕˆ(α0,α1)(u, η), i.e. maps (u, η) ∈ C∞(R ×
S1,M)× C∞(R,R) satisfying
∂s(u, η) +∇JAϕˆ(α0,α1)(u, η) = 0.
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Thus the Floer equations of Aϕˆ(α0,α1) are given by
∂su+ Jt(u)
(
∂tu− ηκXH(u)− ∂βν(r)
∂r
XL(u)
)
= 0
∂sη −
∫
S1
κH(u)dt = 0.
and have energy
E(u, η) =
∫
R
∫
S1
|∂s(u, η)|2J dt ds.
Let a−, a+ ∈ R. The moduli space Ma+a
−
(
Aϕˆ(α0,α1), J
)
is the set of all solutions (u(s), η(s))
of the Floer equations with
a− ≥ lim
s→−∞
Aϕˆ(α0,α1)(u(s), η(s)) and lims→+∞A
ϕˆ
(α0,α1)
(u(s), η(s)) ≥ a+.
Note that in this case the energy is precisely given by the difference of the action values.
Thus, it actually holds that a− ≥ a+ since solutions of the Floer equations with nonnegative
energy must be decreasing.
2.1. Compactness of the moduli spaces.
Theorem 2.6. Let J be a family of almost complex structures compatible with dλ that are
both independent of t and SFT-like outside of Σ × [e−4ν , e2ν ]. Then the moduli spaces
Ma+a
−
(
Aϕˆ(α0,α1), J
)
are compact in the C∞
loc
-topology.
The crucial property to achieve compactness is the fundamental lemma.
Lemma 2.7. [CF09, Proposition 3.2] There exist constants C0, C1 > 0 such that for any
(u, η) ∈ Ma+a
−
(
Aϕˆ(α0,α1), J
)
we have that∥∥∥∇JAϕˆ(α0,α1)(u, η)∥∥∥J ≤ C0 ⇒ |η| ≤ C1 (1 + |Aϕˆ(α0,α1)(u, η)|) . (7)
The proof given in [CF09] goes still through. The proof uses the behaviour of flow lines in
a neighborhood of the hypersurfaces. In our setting, a neighborhood of the hypersurface
still looks the same apart from rescaling of the contact form.
We will show the following proposition from which Theorem 2.6 follows immediately.
Proposition 2.8. In the setting of Theorem 2.6 there exist k, l > 0 such that
Im(u) ⊂ Σ× [k, l] for any (u, η) ∈Ma+a
−
(
Aϕˆ(α0,α1), J
)
.
We need the notion of a trivial cylinder.
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Definition 2.9. A map u : R×S1 → Σ×R+ of the form (γ(±tP ), ce±Ps) for some c ∈ R+
and j∂t = ∂s for the complex structure j on R × S1 is called a trivial cylinder over a P -
periodic Reeb orbit γ. Note that such a cylinder is a J-holomorphic map for any SFT-like
J .
Moreover, we need the definition of the Hofer energy.
Definition 2.10. Let (Z, j) be a compact Riemann surface (possibly disconnected and with
boundary). Let u = (x, r) : Z → M be a (j, J)-holomorphic map. The Hofer energy of a
flow line u is given by
EH(u) = sup
m∈S
∫
Z
u∗d(mα) = sup
m∈S
(∫
Z
u∗(mdα) +
∫
Z
u∗(m′(s) ds ∧ α)
)
∈ [0,+∞],
where S := {m ∈ C∞ (R, [0, 1])| m′ ≥ 0}.
To prove Proposition 2.8 we use the following theorem from [AFM13] which is the special
case of the SFT-compactness results that we need.
Theorem 2.11. [AFM13, Theorem 5.3] Let (M,λ) be as before. Suppose (Zk, jk) is a family
of compact (possibly disconnected) Riemann surfaces with boundary and uniformly bounded
genus. Assume that
uk = (yk, ak) : Zk → Σ×R+ =M
is a sequence of (jk, J)-holomorphic maps with EH(uk) < K for some K > 0 and which are
nonconstant on each connected component of Zk and satisfy ak(∂kZk) ⊂ [D,+∞), where
D < e−4ν. Moreover, assume that infk infZk ak = 0. Then there exists a subsequence kn and
cylinders Cn ⊂ Zkn biholomorphically equivalent to standard cylinders S1×[−Ln,+Ln] such
that Ln → +∞ and such that ukn|Cn converges (up to an R-shift) in C∞loc (S1 ×R,Σ×R+)
to a trivial cylinder over a Reeb orbit of α0 with period ≤ K.
Proof of Proposition 2.8. First, we note that on Σ × (e2ν ,+∞) the Hamiltonian vector
fields of H and L vanish and thus solutions of the Floer equations are in fact J-holomorphic
curves. Hence, we can apply the Maximum principle to keep Floer trajectories from
escaping to +∞ and consequently there is l > 0 such that Im(u) ⊂ Σ × (0, l] for all
(u, η) ∈ M
(
Aϕˆ(α0,α1), J
)
.
Moreover, we observe that for any (u, η) ∈Ma+a
−
(
Aϕˆ(α0,α1), J
)
the restriction u|u−1(Σ×(0,e−4ν ])
is a J-holomorphic map.
Claim: For (u, η) ∈ Ma+a
−
(
Aϕˆ(α0,α1); J
)
the Hofer energy EH(uk) is uniformly bounded by
e4ν(a− − a+).
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The proof of this claim can be found in [AFM13, Proof of Theorem 3.9]. For the convenience
of the reader, we include it here. Indeed, we can estimate
a− − a+ ≥ E(u, η) =
∫ +∞
−∞
∥∥∥∇Aϕˆ(α0,α1)(u, η)∥∥∥2J ds =
∫ +∞
−∞
‖∂s(u, η)‖2J ds
≥
∫ +∞
−∞
∫
S1
dλ(J∂su, ∂su) dt ds ≥
∫
u−1(Σ×(0,e−4ν))
dλ(J∂su, ∂su) dt ds
=
∫
u−1(Σ×(0,e−4ν))
u∗dλ,
where on this domain dλ = d(rǫα0). Here we used that u restricted to u
−1(Σ× (0, e−4ν))
is J-holomorphic.
On the other hand we can estimate for m ∈ S∫
u−1(Σ×(0,e−4ν ))
u∗d(mǫα0) ≤
∫
u−1(Σ×(0,e−4ν ))
u∗d(ǫα0)
Stokes
= e4ν
∫
u−1(Σ×(0,e−4ν))
u∗dλ
which concludes the proof of the claim.
Assume now by contradiction that there is no k > 0 such that Im(u) ⊂ [k, l] and thus
there exists a sequence uk = (yk, ak) such that limk infZk ak = 0. Choose T < e
−4ν such
that T is a regular value for all ak’s. Let Zk := (uk)
−1(Σ × (0, T ]) and consider the J-
holomorphic curves vk := uk|Zk . Since for each k the vk are gradient flow lines of A
ϕˆ
(α0,α1)
and its asymptotes are critical points (u, η) of Aϕˆ(α0,α1) where u is contained in Σ× (e−ν , eν)
the Zk’s are compact possibly disconnected Riemann surfaces of genus 0. Since we choose
T < e−4ν and so that T is a regular value, no Floer cylinder is constant and thus vk has no
constant components. By choice of T , vk also satisfies ak(∂Zk) ⊂ [T,+∞). Thus vk satisfies
all the assumptions of Theorem 2.11 and hence there exists a subsequence vkn → vk0 whose
restriction to cylinders converges to a trivial cylinder over a Reeb orbit of α0 since we have
ak → 0.
Thus there is an embedded circle S in the domain S1 ×R of vk0 such that the restriction
of yk0 to S is homotopic to a Reeb orbit γ of α0. The domain of yk0 is S
1 × R and thus
either S is a circle bounding a disk or S is a circle of the form S1× s. In the first case it is
clear that S and thus yk0 restricted to S is contractible where in the latter case it follows
that the image of S under yk0 is contractible since it is homotopic to the asymptotic end
of the cylinder which is contractible since the asymptotic ends lie in LM .
Finally, we have shown that yk converges to a contractible Reeb orbit of α0 which is a
contradiction since α0 is without contractible Reeb orbits.

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3. Definition of Rabinowitz Floer homology
Here we give a sketch of the definition of Rabinowitz Floer homology in our setting. For
details see for example [CF09] or [AF10a]. If the functional Aϕˆ(α0,α1) is Morse, which is a
property that does not depend on λ ∈ Ων(α0, α1), because nondegeneracy is a local condi-
tion, we associate to it the Rabinowitz Floer homology groups. Since Morse is a generic
property, see [AF10a], one can use invariance under perturbations, as proved in Section
4.2, to extend the definition to all functionals Aϕˆ(α0,α1) as follows: any path of contactomor-
phisms can be written as the limit of nondegenerate paths since those form a residual set.
We use this sequence to define the Rabinowitz Floer homology of a degenerate path as the
limit of the homology of the functionals associated to a sequence of nondegenerate paths.
Invariance of Rabinowitz Floer homology shows that the homology does not depend on the
chosen sequence.
Note that the choice ϕˆ = id is not generic. Whilst the functional Aid(α0,α1) is not Morse
it satisfies the Morse-Bott conditions. Thus we will explain here how to construct the
Rabinowitz Floer complex under the assumption that Aϕˆ(α0,α1) is Morse-Bott.
Assume therefore that the functional is Morse-Bott. Choose a Morse function f and a
Riemannian metric g on the critical submanifold Crit
(
Aϕˆ(α0,α1)
)
. Denote by Crit (f) the
set of critical points of f . Let CF
(
Aϕˆ(α0,α1)
)
be the Z2-vector space consisting of formal
sums
∑
w∈Crit (f) nw w, where the coefficients nw ∈ Z2 satisfy
#
{
w ∈ Crit (f)| nw 6= 0, Aϕˆ(α0,α1)(w) ≤ κ
}
<∞,
for every κ ∈ R.
Assume that (f, g) is a Morse-Smale pair. Then, for any z, w ∈ Crit (f) we denote by
M
(
z, w;Aϕˆ(α0,α1), f, J, g
)
the moduli space of gradient trajectories with cascades from
z to w with respect to the Riemannian metric g on Crit
(
Aϕˆ(α0,α1)
)
, and we denote by
M0
(
z, w;Aϕˆ(α0,α1), f, J, g
)
its zero-dimensional part. The compactness result, Theorem
2.6, shows that if |z| − |w| = 1, then M
(
z, w;Aϕˆ(α0,α1), f, J, g
)
is compact and thus its
zero-dimensional part is a finite set.
We define the boundary operator
∂ : CF
(
Aϕˆ(α0,α1), f ; J, g
)
→ CF
(
Aϕˆ(α0,α1), f ; J, g
)
as the linear extension of
∂(z) =
∑
w∈Crit (f)
n(z, w)w,
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where z ∈ Crit (f) and n(z, w) = #M0
(
z, w;Aϕˆ(α0,α1), f, J, g
)
mod 2 ∈ Z2. Standard
arguments in Floer theory also yield that ∂2 = 0. Finally, we can define the Floer homology
groups of the above constructed chain complex
HF
(
CF
(
Aϕˆ(α0,α1), f ; J, g
)
, ∂
)
:= H
(
CF
(
Aϕˆ(α0,α1), f ; J, g
)
, ∂
)
.
Standard arguments show that these do not depend on the choice of f, g and J and thus
we define the Rabinowitz Floer homology of (M,λ) as
RFH ((M,λ); ϕˆ) := HF
(
CF
(
Aϕˆ(α0,α1), f ; J, g
)
, ∂
)
.
See [CF09] for more details on the definition of Rabinowitz Floer homology.
4. Continuation maps
In the next step we show that the above defined groups are independent of α1. We construct
an isomorphism between
Φ˜ : RFH ((M,λ1); ϕˆ)→ RFH ((M,λ2); ϕˆ)
for any α1, α2 ∈ C(ξ), and λ1 ∈ Ων(α0, α1), λ2 ∈ Ων(α0, α2) for ν > max {C(ϕˆ;α1), C(ϕˆ;α2)}.
In order to do so, we define a homotopy λs between λ1 and λ2. Let ζ ∈ C∞ (R, [0, 1]) with
0 ≤ ζ˙(s) ≤ 2 and such that
ζ(s) =
{
1, for s ≥ 1
0, for s ≤ 0.
Define
λs := λ1 + ζ(s) (λ2 − λ1) . (8)
Note that since ∂rfi > 0, where λi = fiα0, i = 1, 2, we still have that dλs is a nondegenerate
symplectic form. Note that this symplectic form dλs is independent of s for s /∈ [0, 1] and
that αs := λs|Σ×{1} is a supporting contact form for ξ.
Let J1 and J2 denote the dλ1-, resp. dλ2-, compatible families of SFT-like almost complex
structures defined as in (6). Moreover let Js be such that
Js =
{
J1, for s ≥ 1
J2, for s ≤ 0
where Js is a dλs-compatible almost complex structure and independent of t outside a
compact set and with J1, J2 SFT-like as defined in (6). That is J1 is SFT-like wrt α0 on
Σ× (0, e−4ν ] and SFT-like wrt α1 on Σ× [e2ν ,+∞) and J2 analogously for α0 and α2.
Look at the s-dependent functional
Aλs(u, η) :=
∫
S1
u∗λs − η
∫
S1
κ(t)H(r)dt−
∫
S1
βν(r)Lt(u) dt,
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where u = (x, r) : S1 →M . The corresponding Floer equations are
∂su+ Js,t
(
∂tu− ηκXλsH (u)− βν(r)XλsL
)
= 0
∂sη +
∫
S1
κH(u)dt = 0,
where, u = u(s, t) : R×S1 →M and η = η(s) : R→ R. Note that now, the Hamiltonian
vector fields of H and L with respect to λs|Σ×{1} depend on s since λs|Σ×{1} = αs is an
s-dependent contact form.
From now on, we will denote u(s) := u(s, ·) : R×S1 → M . Let a−, a+ ∈ R. Denote as be-
fore byMa+a
−
(Aλs, Js) the solutions of the corresponding Floer equations of Aλs(u(s), η(s))
whose asymptotes have action bounded by a±
a− ≥ lim
s→−∞
Aλs(u(s), η(s)) and lim
s→+∞
Aλs(u(s), η(s)) ≥ a+.
4.1. Compactness for the s-dependent moduli spaces.
Theorem 4.1. Assume λs is a homotopy of 1-forms as defined in (8). There exists ǫ > 0
such that if supΣ×(0,e2ν ] ‖∂sλs‖∞ < ǫ then the moduli space Ma+a− (Aλs , Js) is relatively
compact in the C∞
loc
-topology.
Recall that ‖∂sλs‖∞ is only nonzero for s ∈ [0, 1] since outside of [0, 1] λs is independent
of s.
The main task to achieve compactness is to bound the energy. We start with the observa-
tion that Lemma 2.7 remains true in the s-dependent case.
Lemma 4.2. There exist constants C0, C1 > 0 such that for any (u, η) ∈ Ma+a
−
(Aλs, Js) we
have that
‖∇JsAλs(u, η)‖Js ≤ C0 ⇒ |η| ≤ C1 (1 + |Aλs(u, η)|) . (9)
Proof. We can apply Lemma 2.7 for any of the functionals Aλs. The constants C0,s and C1,s
in (7) for a fixed functional Aλs depend continuously on s. Take C0 := min{C0,s | s ∈ [0, 1]}
and C1 := max{C1,s | s ∈ [0, 1]}. 
The following lemma is the main content of this paper and uses ideas of Bae-Frauenfelder,
see [BF11, Lemma 2.9; Theorem 2.10]. It establishes uniform bounds on ‖η(s)‖∞ and
the energy of Floer trajectories in the s-dependent case provided that the homotopy is
sufficiently slow.
Lemma 4.3. Let C0 and C1 be chosen as required in Lemma 4.2 and fix a−, a+ ∈ R. Then,
there is a constant ρ = ρ{λs} > 0 such that if sups∈[0,1] supΣ×(0,e2ν ] ‖∂sλs‖Js < ρ the following
holds: There exist constants Cη, CE > 0 such that for any (u(s), η(s)) ∈Ma+a
−
(Aλs , Js)
‖η(s)‖∞ < Cη and E(u(s), η(s)) < CE .
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Using the above estimates we can prove Theorem 4.1.
Proof of Theorem 4.1. The uniform energy bound of Lemma 4.3 and the fact that XH
and XL have support in Σ×(e−2ν , e2ν) as well as the fact that λs restricted to Σ×(0, e−4ν ] is
just some multiple of rα0, respectively rα1 and rα2 on Σ× (e+3ν ,+∞), shows that outside
of Σ × (e−4ν , e2ν ] solutions of the Floer equations are exactly J-holomorphic curves. This
allows us to apply the maximum principle to keep Floer trajectories from escaping to
+∞. As in the proof of Theorem 2.6 we use Theorem 2.11 to argue that neither do Floer
trajectories escape to the negative end.
This shows that u(s) stays in a compact subset of Σ × (0,+∞), say Σ × [k, l]. With the
uniform L∞-bound for η(s) from Lemma 4.3 the usual bubbling-off arguments apply, thus
yielding L∞-bounds for the derivatives of u(s). Thus we can use Arzela`-Ascoli for families
of Rabinowitz Floer trajectories whose asymptotes have action bounded by a±. We finally
get a C∞loc (R× S1,M) × C∞loc (R,R) convergence of a subsequence of trajectories. The
result then follows by the usual arguments. 
It remains to prove Lemma 4.3.
Proof of Lemma 4.3. In the following we will denote
sup
s∈[0,1]
sup
Σ×(0,e2ν ]
‖∂sλs‖Js =: C˜.
We want to estimate the energy
E(u(s), η(s)) =
∫
R
‖∂s(u, η)‖2Js ds =
∫ +∞
−∞
‖−∇JsAλs(u(s), η(s))‖2Js ds
=
∫ +∞
−∞
⟪−∇JsAλs(u(s), η(s)),−∇JsAλs(u(s), η(s))⟫Js ds
=
∫ +∞
−∞
−dAλs(u(s), η(s)) (−∇JsAλs(u(s), η(s))) ds
=
∫ +∞
−∞
−dAλs(u(s), η(s))(∂s(u(s), η(s))) ds
=
∫ +∞
−∞
[
− d
ds
(Aλs(u(s), η(s))) +
(
∂
∂s
Aλs
)
(u(s), η(s))
]
ds
= Aλs (u−, η−)−Aλs (u+, η+) +
∫ 1
0
∫
S1
(u(s))∗(∂sλs) ds
≤ a− − a+ +
∫ 1
0
∫
S1
(u(s))∗(∂sλs) ds.
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Recall that by the maximum principle u(s) ⊂ Σ × (0, e2ν ]. Using the Floer equation for
∂su(s) we have∣∣∣∣∫ 1
0
∫
S1
(u(s))∗(∂sλs) ds
∣∣∣∣ ≤ ∫ 1
0
sup
s∈[0,1]
sup
Σ×(0,e2ν ]
‖∂sλs‖Js ·
∫
S1
|∂tu(s)| dt ds
= C˜
∫ 1
0
‖∂tu(s)‖Js ds = C˜
∫ 1
0
∥∥Js∂su(s) + η(s)κXλsH + βνXλsL ∥∥Js ds
≤ C˜
∫ 1
0
‖∂su(s)‖Js ds+ C˜
∫ 1
0
∥∥η(s)κXλsH + βνXλsL ∥∥Js ds
(∗)
≤ C˜
[(∫ 1
0
‖∂su(s)‖Js ds
)2
+ 1
]
+ C˜
∫ 1
0
∥∥η(s)κXλsH + βνXλsL ∥∥Js ds
≤ C˜
∫ 1
0
‖∂su(s)‖2Js ds+ C˜ + C˜
∫ 1
0
∥∥η(s)κXλsH + βνXλsL ∥∥Js ds
= C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞
∥∥κXλsH ∥∥∞ + ∥∥βνXλsL ∥∥∞)
≤ C˜ (E(u(s), η(s)) + 1 + ‖η‖∞ ∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞) ,
where we wrote ‖XλsH ‖∞ := sups∈[0,1] supM ‖XHs‖Js (and analogously for ‖XλsL ‖∞) and
where (∗) used the fact that for x ≥ 0 it holds that x ≤ x2 + 1.
Putting everything together yields
E(u(s), η(s)) ≤ a− − a+ + C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞)
and thus (
1− C˜
)
E(u(s), η(s)) ≤ a− − a+ + C˜
(
1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞) .
So for C˜ < 1 we have that
E(u(s), η(s)) ≤ a− − a+
1− C˜ +
C˜
1− C˜
(
1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞)
and thus if C˜ < 1
2
also
E(u(s), η(s)) < 2 |a− − a+|+ 2C˜
(
1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞) . (10)
Note also that
|Aλs(u(s), η(s))| ≤ max {|a+|, |a−|}+
∫ +∞
−∞
∣∣∣∣ ∂∂s(Aλs(u(s), η(s)))
∣∣∣∣ ds
= max {|a+|, |a−|}+
∫ 1
0
∣∣∣∣∫
S1
(u(s))∗(∂sλs)
∣∣∣∣ ds (11)
≤ max {|a+|, |a−|}+ C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞)
(12)
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Indeed, to show (11), we note that
Aλs(u(s), η(s)) = Aλ−(u−, η−)︸ ︷︷ ︸
≤a
−
+
∫ s
−∞
∂
∂s
(Aλs(u(s), η(s))) ds and
Aλs(u(s), η(s)) = Aλ+(u+, η+)︸ ︷︷ ︸
≥a+
−
∫ +∞
s
∂
∂s
(Aλs(u(s), η(s))) ds,
where
∂
∂s
(Aλs(u(s), η(s))) =
(
∂
∂s
Aλs
)
(u(s), η(s)) + dAλs(∂su(s), ∂sη(s))︸ ︷︷ ︸
=−‖∇JsAλs(u(s),η(s))‖
2
Js
.
But in fact the homotopy, λs only changes on [0, 1] and so we have that∫ s
−∞
(
∂
∂s
Aλs
)
(u(s), η(s)) ds =
∫ s
0
(
∂
∂s
As
)
(u(s), η(s)) ds ≤
∫ 1
0
∣∣∣∣( ∂∂sAs
)
(u(s), η(s))
∣∣∣∣ ds
=
∫ 1
0
∣∣∣∣∫
S1
(u(s))∗(∂sλs)
∣∣∣∣ ds
and analogously for
∫ +∞
s
. Finally, we have
Aλs(u(s), η(s)) ≤ a− +
∫ s
−∞
(
∂
∂s
Aλs
)
(u(s), η(s))− ‖∇Aλs(u(s), η(s))‖2
≤ a− +
∫ 1
0
∣∣∣∣∫
S1
(u(s))∗(∂sλs)
∣∣∣∣ ds
and
Aλs(u(s), η(s)) ≥ a+ −
∫ +∞
s
(
∂
∂s
Aλs
)
(u(s), η(s)) + ‖∇Aλs(u(s), η(s))‖2
≥ a+ −
∫ 1
0
∣∣∣∣∫
S1
(u(s))∗(∂sλs) dt
∣∣∣∣ ds.
This gives (11)
|Aλs(u(s), η(s))| ≤ max {|a−|, |a+|}+
∫ 1
0
∣∣∣∣∫
S1
(u(s))∗(∂sλs)
∣∣∣∣ ds.
Now define for s ∈ R
τ(s) := inf
{
τ ≥ 0 :
∥∥∥∇JsAλs(u(s+ τ), η(s+ τ))∥∥∥
Js
< C0
}
,
where C0 is the constant from Lemma 4.2. Then τ(s) satisfies
τ(s) ≤ E(u(s), η(s))
C20
. (13)
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Indeed,
E(u(s), η(s)) ≥
∫ s+τ(s)
s
‖∇JsAλs(u(s), η(s))‖2Js ds ≥ τ(s)C20 .
Hence, using the estimate (9) from Lemma 4.2 and Ho¨lder’s inequality we have
|η(s)| =
∣∣∣∣∣η(s+ τ(s))−
∫ s+τ(s)
s
∂sη(s) ds
∣∣∣∣∣ ≤ |η(s+ τ(s))|+
∫ s+τ(s)
s
|∂sη(s) ds| ds
≤ C1 (|Aλs(u(s), η(s))|+ 1) + |τ(s)|
1
2
(∫ s+τ(s)
s
|∂sη(s)|2
) 1
2
.
We can estimate(∫ s+τ(s)
s
|∂sη(s)|2
) 1
2
≤
(∫ s+τ(s)
s
‖∂s(u(s), η(s))‖2Js ds
) 1
2
≤ (E(u(s), η(s)))12
and use equations (12) and (13) to deduce that
|η(s)|
(12),(13)
≤ C1
[
max {|a+|, |a−|}+ C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞)]
+
E(u(s), η(s))
C0
.
Inserting the above in (10) yields
‖η‖∞ ≤ C1 (1 + max {|a+|, |a−|})
+
(
2 |a− − a+|+ 2C˜
(
1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞))(C1C˜ + 1C0
)
+ C1C˜
(
1 + ‖η‖∞
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞) .
Hence we have that(
1− C˜ ∥∥XλsH ∥∥∞(2C1C˜ + 2C0 + C1
))
‖η‖∞
≤ C1 (1 + max {|a+|, |a−|}) +
(
2 |a− − a+|+ 2C˜
(
1 +
∥∥XλsL ∥∥∞))(C1C˜ + 1C0
)
+ C1C˜
=: B.
To finally get a bound for η we need to have
C˜
∥∥XλsH ∥∥∞(2C1C˜ + 2C0 + C1
)
︸ ︷︷ ︸
=:A
< 1 and C˜ <
1
2
. (14)
Let ρ > 0 denote a value so that (14) is satisfied for C˜ = ρ.
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Now, for C˜ < ρ we get that
‖η‖∞ ≤
1
1− AB =: Cη
and thus the first assertion of the lemma. Combining this with (10) gives the energy bound
and thus completes the proof
E(u(s), η(s)) < 2 |a− − a+|+ 2C˜
(
1 + 2Cη
∥∥XλsH ∥∥∞ + ∥∥XλsL ∥∥∞) =: CE.

4.2. Invariance. With the help of Theorem 4.1 we are now able to define a quasi-isomorphism
Φ˜ : CF(Aϕˆ(α0,α1)) → CF(A
ϕˆ
(α0,α2)
).
First, we remark that λs = f(s, x, r)α0 and Js is SFT-like for λs apart from a small
neighborhood of the hypersurface Σ×{1}. Outside of this neighborhood we have ‖λs‖Js =√
r. Recall that by the maximum principle, Floer trajectories remain in Σ× (0, e2ν), thus
we can estimate
C˜ = sup
s∈[0,1]
sup
Σ×(0,+∞)
‖∂sλs(x, r)‖Js = sup
s∈[0,1]
sup
Σ×(0,e2ν ]
‖∂sfα0‖Js
= sup
s∈[0,1]
sup
Σ×(0,e2ν ]
∥∥∥∥∂sff fα0
∥∥∥∥
Js
= sup
s∈[0,1]
sup
Σ×(0,e2ν ]
∥∥∥∥∂sff λs
∥∥∥∥
Js
≤
√
e2ν
∥∥∥∥∂sff
∥∥∥∥
∞
+ ǫ < K
for a constant K ∈ R. Here, the ǫ-Error comes from the fact that Js is not SFT-like on a
small neighborhood.
Now, use an adiabatic argument to subdivide the homotopy into a family of homotopies
{(λjs, J js )}j, each of which satisfies the smallness assumption on sups∈[0,1] supΣ×(0,e2ν ] ‖∂sλjs‖Jjs .
Note that since the norms of the vector fields XλsH and X
λs
L are bounded, this still holds
true after a subdivision of the one form and the almost complex structure. Therefore, we
can apply Theorem 4.1 to get the desired compactness properties for Ma+a
−
(
Aϕˆ
λ
j
s
, Js
)
and
we can define maps
Φ˜j : CF
(
Aϕˆ
λj
)
→ CF
(
Aϕˆ
λj+1
)
by
Φ˜j(z) =
∑
w∈Crit(Aϕˆ
λj+1
)
#M0
(
z, w;Aϕˆ
λ
j
s
, Js
)
w
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for z ∈ Crit (Aϕˆ
λj
). HereM0
(
z, w;Aϕˆ
λ
j
s
, Js
)
denotes the zero-dimensional part of the space
of Floer trajectories from z to w.
Furthermore, the Φ˜j descend to define continuation homomorphisms
Φj : RFH((M,λ
j); ϕˆ) → RFH((M,λj+1); ϕˆ).
With the inverse homotopy λ˜js = λ
j+1 + β(s)(λj+1 − λj) we analogously get maps
Ψ˜j : CF
(
Aϕˆ
λj+1
)
→ CF
(
Aϕˆ
λj
)
.
A homotopy of homotopies argument shows that Φj is an isomorphism. This holds for
every j with 0 ≤ j ≤ n, and we get:
Proposition 4.4. Let (Σ, ξ) be a hypertight contact manifold and let α1, α2 ∈ C(ξ). Let
λ1 ∈ Ων(α0, α1) and λ2 ∈ Ων(Σ, ξ). Then the homology groups RFH((M,λi); ϕˆ) are well-
defined for i = 1, 2 and we have an isomorphism
RFH((M,λ1); ϕˆ) ∼= RFH((M,λ2); ϕˆ).
Choosing α2 = ǫα0 shows that RFH ((M,λ1); ϕˆ) ∼= RFH((M, rα0); ϕˆ), which is the Ra-
binowitz Floer homology of the actual symplectisation (Σ × (0,+∞), rǫα0) and thus we
have proved Theorem 1.1, using that the Rabinowitz Floer homology is invariant under
rescaling of a contact form. Thus it is justifiable to write RFH(Σ, ξ; ϕˆ) for a hypertight
contact manifold (Σ, ξ) .
5. Applications
In the previous section, we have elaborated, that for a hypertight contact manifold, the
Rabinowitz Floer homology is independent of the supporting contact form. This allows us
to deduce results for hypertight manifolds by using the knowledge of the Rabinowitz Floer
homology groups for a convenient choice of supporting contact form, namely one that has
no contractible Reeb orbits.
For that we first state some properties of Rabinowitz Floer homology that we need, for
more details see [AFM13]. If we write RFH (Σ, α1; ϕˆ), we mean the Rabinowitz Floer
homology of the perturbed action functional on (M,λ) where λ ∈ Ων(α0, α1).
(1) For α0 a supporting contact form without any contractible Reeb orbits and ϕˆ ∈
PCont0 (Σ, ξ), the Rabinowitz Floer homology is canonically isomorphic to the
singular homology
RFH∗ (Σ, α0; ϕˆ) ∼= H∗+n−1 (Σ;Z2) .
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The Rabinowitz Floer homology is independent of ϕˆ ∈ PCont0 (Σ, ξ) in the follow-
ing sense: there are canonical isomorphisms
Φϕˆ : RFH (Σ, α)→ RFH(Σ, α; ϕˆ) ,
where RFH (Σ, α) = RFH (Σ, α; id).
For ϕˆ, ψˆ ∈ PCont0 (Σ, ξ) there is a canonical map
Φϕˆ,ψˆ : RFH (Σ, α; ϕˆ)→ RFH(Σ, α; ψˆ)
such that Φψˆ = Φϕˆ,ψˆ ◦ Φϕˆ.
In particular, RFHn (Σ, α; ϕˆ) contains a class [Σϕˆ] 6= 0 which is defined by
Φϕˆ,ψˆ ([Σϕˆ]) = [Σψˆ] and [Σid] = [Σ] ∈ RFHn (Σ, α) ∼= H2n−1 (Σ;Z2) .
(2) We denote by RFHc (Σ, α; ϕˆ) the Rabinowitz Floer homology generated by the
subcomplex of (u, η) ∈ Crit
(
Aϕˆ(α0,α1)
)
with η ≤ c. At a critical point (u, η) the
action value is exactly Aϕˆ(α0,α1)(u, η) = η, see Remark 2.3, and thus the critical
points with η ≤ c form indeed a subcomplex. Then the inclusion of critical points
induces a map
ιcϕˆ : RFH
c (Σ, α; ϕˆ)→ RFH (Σ, α; ϕˆ) .
In particular, for two paths ϕˆ, ψˆ there is a constant K(ϕˆ, ψˆ) such that the map
Φϕˆ,ψˆ from property (1) defines a map
Φϕˆ,ψˆ : RFH
c
∗
(
Σ, α0, ϕˆ
)→ RFHc+K(ϕˆ,ψˆ)∗ (Σ, α0, ψˆ)
for any c ∈ R.
Remark 5.1.
1. For property (1) and (2) we use the fact that one can also define the s-dependent
moduli spaces Ma+a
−
(
Aϕˆsλ , Js
)
for a family of s-dependent contactomorphisms and
show that they are compact. For a family of compactly supported contactomor-
phisms, the estimates for the s-dependent functional are immediate.
2. We can estimate the constant K via the two contact Hamiltonians of ϕˆ, ψˆ. This
estimate will be the content of Proposition 5.13.
5.1. Translated points for hypertight contact manifolds. Let ϕ be a contactomorphism
which is contact-isotopic to the identity and let ρ : Σ → (0,∞) be such that ϕ∗α = ρα.
Recall that a point x ∈ Σ is a translated point of ϕ if there exists η ∈ R such that
ϕ(x) = ϕηR(x), ρ(x) = 1.
TRANSLATED POINTS ON HYPERTIGHT CONTACT MANIFOLDS 21
Remark 5.2. We identify the hypersurface Σ = Σ× {1}. A leafwise intersection point for
φ1L is a point (x, 1) such that
φ1L(x, 1) =
(
ϕ−ηR (x), 1
)
,
where φL is the Hamiltonian diffeomorphism associated to L defined in (3).
A point x ∈ Σ is a translated point of ϕ1 if and only if (x, 1) ∈M is a leafwise intersection
point for φ1L.
To detect translated points with Rabinowitz Floer homology, we use the following analogue
of [AFM13, Lemma 3.5].
Lemma 5.3. (x, r, η) is a critical point of Aϕˆ(α0,α1) if and only if p := x
(
1
2
)
is a translated
point for ϕ with respect to α1 with time-shift −η and we have
Aϕˆ(α0,α1)(x, r, η) = η.
As an immediate consequence of Theorem 1.1 and property (1) about Rabinowitz Floer
homology, we get
Corollary 5.4. RFH∗((M,λ1); ϕˆ)
1.1∼= RFH∗(Σ, α0; ϕˆ)
(1)∼= H∗+n−1(Σ).
Remark 5.5. Note that RFH∗ (Σ, α0; id) is the Rabinowitz Floer homology of the actual
symplectisation of (Σ, α0), (Σ× (0,+∞), ω) equipped with the symplectic form ω = d(rα0)
as defined in [AFM13].
In order to prove the second statement of Theorem 1.3, we need the following lemma.
Proposition 5.6. Assume dim(Σ) ≥ 3. Let R ⊂ Σ be the union of the images of all con-
tractible closed Reeb orbits on (Σ, α). Then for generic α the set C = {ϕ ∈ Cont0(Σ) | ∀x ∈
Crit (Aϕˆ(α0,α1)), x(12) ∩R = ∅} is a residual subset in Cont0(Σ).
The proof of the above Proposition goes as [AF12, Theorem 3.3].
Proof of Theorem 1.3. Let us first take any contact form α ∈ C(ξ) and any contactomor-
phism ϕ ∈ Cont0 (Σ, ξ) and assume there is no translated point. This means that there
are no critical points of the action functional which a posteriori implies that the action
functional is trivially Morse. Thus, the Rabinowitz Floer homology is defined and equal
to RFH(Σ, α;ϕ) = 0, which contradicts Corollary 5.4. Hence, i) follows.
If Σ is one-dimensional, statement ii) is easy to prove and is left as an exercise to the
reader. For nondegenerate ϕ the perturbed Rabinowitz action functional is Morse-Bott
and thus for generic ϕ, either the lower bound in ii) holds, or there is a translated point
on a closed contractible Reeb orbit. Proposition 5.6 above asserts that there is a generic
set of contact forms α ∈ C(ξ), such that the second alternative can be avoided by a generic
ϕ ∈ Cont0(Σ, ξ). Altogether ii) follows. 
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Remark 5.7. If ϕ has a translated point on a closed contractible Reeb orbit, then the loop
which is given by first going along the contactomorphism ϕ and then close up along the
Reeb orbit is contractible. This is true because critical points of the perturbed Rabinowitz
action functional are contractible.
The proof of Proposition 5.16 shows that for ǫ < smallest Reeb period of α, then
RFH(−ǫ,+ǫ) (Σ, α; ϕˆ) is well defined and equal to RFH (Σ, α0; ϕˆ). Thus, if the oscillation
norm of ϕ is smaller than the smallest Reeb period of α then there is no translated point
on a closed Reeb orbit which gives statement ii) in Remark 1.4.
Remark 5.8. We can also consider any Hamiltonian diffeomorphism φt : M → M which is
supported in a neighborhood of Σ and get the analogous result to Theorem 1.3 for leafwise
intersections of φ1.
5.2. Existence of invariant Reeb orbits. We can also use the nonvanishing of Rabinowitz
Floer homology, to deduce the existence of a so called ϕ-invariant Reeb orbit for ϕ ∈
SCont0 (Σ, ξ) a strict contactomorphism. The details are below.
A contactomorphism ϕ : Σ→ Σ is called strict if ϕ∗α = α. In fact, if ϕ ∈ SCont0(Σ, ξ) is
a strict contactomorphism then ϕ commutes with the Reeb flow.
Moreover, a Reeb orbit x : R → Σ is called ϕ-invariant if ϕ(x(s)) = x(s + τ) for some
τ ∈ R \ {0} and all s ∈ R. In particular, if ϕ is strict, then a translated point x ∈ Σ gives
rise to a ϕ-invariant orbit. Indeed, if x is a translated point, then every point on the Reeb
orbit {ϕsR(x)| s ∈ R} is also a translated point
ϕ (ϕsR(x)) = ϕ
s
R (ϕ(x)) = ϕ
s
R (ϕ
η
R(x)) = ϕ
η+s
R (x) = ϕ
η
R (ϕ
s
R(x)) .
Thus the Reeb orbit {ϕsR(x)| s ∈ R} is ϕ-invariant.
After the above consideration we have the following corollary of Theorem 1.3.
Corollary 5.9. If ϕ ∈ SCont0 (Σ, ξ) is a strict contactomorphism then either there is a
ϕ-invariant Reeb orbit (if τ 6= 0) or there is a fixed point for ϕ (if τ = 0).
5.3. Existence of non-contractible Reeb orbits. In the following, we will explain how
Theorem 1.3 implies the existence of non-contractible Reeb orbits provided there exists a
positive loop of contactomorphisms of Σ.
We call a loop of contactomorphisms a positive loop if the contact Hamiltonian associated
to it is everywhere positive, see Definition 2.1.
Remark 5.10. The notion of a positive loop does not depend on the choice of contact
form but only on the contact structure. This is true because the positivity of a loop ϕˆ is
equivalent to the property that the vector field d
dt
ϕt should define the given coorientation
of the contact structure ξ and this does not depend on the choice of contact form.
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Most of this subsection is analogous to [AFM13, Section 3 and 4]. The results in this
section are extensions of the results [AFM13, Proposition 4.6] in the sense that we use an
arbitrary contact form.
First, we introduce the notion of spectral numbers. Recall the map from property (2)
about Rabinowitz Floer homology
ιcϕˆ : RFH
c (Σ, α; ϕˆ)→ RFH (Σ, α; ϕˆ) .
Definition 5.11. Let ϕˆ ∈ PCont0 (Σ, ξ) be nondegenerate. Then its spectral number
c (ϕˆ;α) ∈ R is defined as
c (ϕˆ;α) := inf
{
c ∈ R| [Σϕˆ] ∈ ιcϕˆ (RFHc∗ (Σ, α; ϕˆ))
}
.
Remark 5.12. This number is not always −∞. Take ϕˆ = id and α = α0 the contact
form which does not possess any contractible Reeb orbits. We know that [Σid] = [Σ] ∈
RFHn (Σ, α0; id) ∼= H2n−1 (Σ;Z2) and because there are no contractible Reeb orbits this
class cannot be represented by a sequence of Reeb orbits. In particular, it cannot be
represented by a sequence of Reeb orbits with arbitrarily long negative period and thus
c(id;α0) = 0.
Actually, after the observation that the spectral number is zero for (id;α0) we can deduce
that c(id;α) = 0 for any supporting contact form. This will be the content of Corollary
5.17.
Recall that by property (1) of Rabinowitz Floer homology for two paths of contactomor-
phisms, ϕˆ, ψˆ ∈ PCont0 (Σ, ξ) we can define a map
Φϕˆ,ψˆ : RFH
c (Σ, α; ϕˆ)→ RFHc+K(ϕˆ,ψˆ)
(
Σ, α; ψˆ
)
.
For K(ϕˆ, ψˆ) we have the following estimate.
Proposition 5.13. [AFM13] Let lt and kt denote the contact Hamiltonians of ϕˆ and ψˆ and
C(ϕˆ;α) and C(ψˆ;α) the values defined in Lemma 2.2 equation (5). Then,
K(ϕˆ, ψˆ) ≤ emax{C(ϕˆ;α),C(ψˆ;α)}
∫ 1
0
max
{
max
x∈Σ
(lt(x)− kt(x)) , 0
}
dt. (15)
We can estimate the difference between spectral numbers of two nondegenerate paths via
this number K.
Proposition 5.14. Let ϕˆ, ψˆ ∈ PCont0 (Σ, ξ) be two nondegenerate paths of contactomor-
phisms and denote again by lt and kt their contact Hamiltonians. Then we can estimate
c(ψˆ;α) ≤ c (ϕˆ;α) +K(ϕˆ, ψˆ).
Furthermore, we have
lt(x) ≤ kt(x), ∀x ∈ Σ, 0 ≤ t ≤ 1 ⇒ c(ϕˆ;α) ≥ c(ψˆ;α).
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The proof of Proposition 5.14 is analogous to the proof in [AFM13, Proposition 4.2].
Remark 5.15. It is possible to extend c to all of PCont0 (Σ, ξ) via the limit of nondegenerate
paths in a unique manner and such that all the previously mentioned properties are still
satisfied.
We equip PCont0 (Σ, ξ) with the C2-topology. For fixed α ∈ C(ξ) the continuity of the
map
c : PCont0 (Σ, ξ)→ R
ϕˆ 7→ c(ϕˆ;α)
was proved in [AFM13, Lemma 4.3]. We prove the following extension.
Proposition 5.16. Let α ∈ C(ξ). For any path ϕˆ of contactomorphisms, the map
(ϕˆ;α) 7→ c(ϕˆ;α)
is continuous, were C(ξ) is equipped with the natural C0-topology.
As a corollary of Proposition 5.16 we have
Corollary 5.17. For α ∈ C(ξ) for ξ a hypertight contact structure we have
c(id, α) = 0.
Proposition 5.14 together with Corollary 5.17 shows that c(ϕˆ;α) is finite for every nonde-
generate ϕˆ and α.
The full proof of Proposition 5.16 can be found in the Appendix A. Here, we only give a
proof of Corollary 5.17 for which we need the following lemma, which gives a lower bound
on the periods of all non-constant Reeb orbits appearing during a homotopy of supporting
contact forms.
Lemma 5.18. Let α1, α2 ∈ C(ξ) and let αs, s ∈ [0, 1], be a homotopy of supporting contact
forms between α0 and α1. For s ∈ [0, 1], denote by Ps ⊂ R \ {0} the set of periods
of closed orbits of the Reeb vector field Rαs. And set Ts := inf{|η| | η ∈ Ps}. Then
T := inf{Ts | s ∈ [0, 1]} > 0.
Proof. Let V be a non-vanishing vector field on a compact manifold M and let p ∈ M .
One can choose τp > 0 and a neighborhood Up of p, such that the flow φ
t
V of V satisfies
φ
τp
V (Up) ∩ Up = ∅. Now let the vector field Vs depend continuously on a parameter s. Fix
s0 and choose as before τp and Up for the vector field Vs0. Then for a sufficiently small
interval Ip containing s0 it still holds that φ
τp
Vs
(Up) ∩ Up = ∅ for all s ∈ Ip. Choose a finite
covering of M by the sets Up. We have a corresponding finite intersection Is0 =
⋂
Ip 6= ∅
and a corresponding infimum τs0 = inf τp > 0. Then the smallest period of a closed orbit
of every Vs, s ∈ I, is bounded from below by τs0 .
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Applying this to the family of Reeb vector fields Rαs , one finds for every s0 ∈ [0, 1] a small
interval Is0 containing s0, such that Ts0 = inf{Ts | s ∈ Is0} > 0. Since [0, 1] =
⋃n
k=1 Isk for
some sk ∈ [0, 1], n ∈ N, we conclude T = inf1≤k≤n Tsk > 0. 
Now, we prove Corollary 5.17.
Proof of Corollary 5.17.
Let α0 be as above, λ0 = rα0. Let λ ∈ Ων(α0, α1) for some suitable ν > 0. Let λs be a
homotopy between λ0 and λ of the type considered before. As in Lemma 5.18 denote by
T > 0 the smallest period of a closed Reeb orbit for the homotopy αs = λs|Σ×{1}.
As explained in Section 4, for fixed s0, s1 ∈ [0, 1] we can choose a reparametrized homotopy
λ˜s between λs0 and λs1 such that
C˜ := sup
s∈[0,1]
sup
Σ×(0,e2ν ]
‖∂sλ˜s‖Js < 2|s1 − s0| sup
s∈[0,1]
sup
Σ×(0,e2ν ]
‖∂sλs‖Js.
We can apply an adiabatic argument for this homotopy to get uniform bounds on η, as in
Lemma 4.3, by taking a small enough partition of [0, 1]. An analogous argument applies
here.
We first show the following.
Claim: Let C0 and C1 as in Lemma 4.2. There is a constant cT depending on the original
homotopy λs, C0, C1 and T , such that if C˜ < cT , then
Ma+0 (Aidλ˜s) = ∅, if a+ ≥ T (16)
and
M0a
−
(Aid
λ˜s
) = ∅, if a− ≤ −T. (17)
To prove the claim we assume a+ ≥ a− and consider a trajectory (u(s), η(s)) inMa+a
−
(Aid
λ˜s
).
Assume C˜ < 1. Then (see the proof of Lemma 4.3)
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a+ − a− ≤ −E(u(s), η(s)) +
∣∣∣∣∫ 1
0
∫
S1
(u(s))∗(∂sλs) ds
∣∣∣∣
≤ −E(u(s), η(s)) + C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞ sup
s∈[s0,s1]
‖XλsH ‖Js
)
≤ C˜
(
1 + ‖η‖∞ sup
s∈[0,1]
‖XλsH ‖Js
)
≤ C˜
(
1 +
1
1−AB
∥∥XλsH ∥∥∞) .
Note that sups∈[s0,s1]
∥∥XλsH ∥∥Js ≤ sups∈[0,1] ∥∥XλsH ∥∥Js = ∥∥XλsH ∥∥∞ is finite, where by {XλsH }s∈[s0,s1]
we mean a possibly reparametrised homotopy.
Here, we can estimate A from the proof of Lemma 4.3
A = C˜ sup
s∈[s0,s1]
‖XH‖Js
(
2C1C˜ +
2
C0
+ C1
)
≤ C˜ ∥∥XλsH ∥∥∞ (3C1 + 2C0 )︸ ︷︷ ︸
=:K
<
1
2
,
if we assume C˜ < min{1, 1
2K
}.
Also
B = C1 (1 + max {|a+|, |a−|}) +
(
2 |a− − a+|+ 2C˜
)(
C1C˜ +
1
C0
)
+ C1C˜
C˜<1≤
(
C1 + 2
(
C1 +
1
C0
)
+ C1
)
︸ ︷︷ ︸
=:K0
+C1max {|a+|, |a−|}+ 2
(
C1 +
1
C0
)
︸ ︷︷ ︸
=:K1
|a− − a+|
≤ K0 + C1max {|a+|, |a−|}+K1 |a− − a+| .
Hence
a+ − a− ≤ C˜(1 + 2K0
∥∥XλsH ∥∥∞ + 2C1 ∥∥XλsH ∥∥∞max {|a+|, |a−|}+K1 ∥∥XλsH ∥∥∞ |a− − a+|)
= C˜
(
1 + 2K0
∥∥XλsH ∥∥∞)︸ ︷︷ ︸
=:K˜0
+C˜
∥∥XλsH ∥∥∞ · 2C1︸ ︷︷ ︸
=:K˜1
max {|a+|, |a−|}
+ C˜
∥∥XλsH ∥∥∞K1︸ ︷︷ ︸
=:K˜2
|a− − a+|.
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Now, choose cT > 0 so that
cT < min
{
1,
1
2K
,
T
2K˜0
,
1
4K˜1
,
1
4K˜2
}
.
If C˜ < cT , then
a+ − a− < 1
2
T +
1
4
max(|a+|, |a−|) + 1
4
|a− − a+|,
and thus
3
4
(a+ − a−) < 1
2
T +
1
4
max(|a+|, |a−|).
From this, the desired upper bounds follow. Indeed, if a− = 0, then a+ < T , and if a+ = 0
then a− > −T . This concludes the proof of the Claim.
Recall that the original homotopy λs goes from rα0 to λ. Assume now s0 and s1 have been
chosen such that C˜ < cT . Let [X ] be a nonzero class in RFH(Σ, λs0; id) with
[X ] ∈ ι0id(RFH0(Σ, λs0 ; id)), [X ] /∈ ι−Tid (RFH−T (Σ, λs0 ; id)).
Consider the non-zero class Φs0,s1([X ]) ∈ RFH(Σ, λs1; id). Result (16) from the previous
claim shows that it can be represented by chains consisting of elements in Crit (Aidλs1 ) with
nonpositive period, so
Φs0,s1([X ]) ∈ ι0id(RFH0(Σ, λs1; id)).
We can also conclude that
Φs0,s1([X ]) /∈ ι−Tid (RFH−T (Σ, λs1 ; id)).
Namely assume the contrary. So Φs0,s1([X ]) can be represented by chains consisting of
critial points all of whose periods are < −T . Equation (17) from the claim for the inverse
homotopy shows
Ψs1,s0(Φs0,s1([X ])) ∈ ι−Tid (RFH−T (Σ, αs0; id)).
But since Ψs1,s0 ◦ Φs0,s1 = id, it follows that
[X ] ∈ ι−Tid RFH−T (Σ, αs0 ; id)
which contradicts the assumption about [X ].
To conclude the proof, note that [Σ] ∈ RFH(Σ, α0; id) satisfies exactly the assumption
about [X ] above in fact [Σ] ∈ RFH(−ǫ,+ǫ) (Σ, α0; id) because there are no contractible Reeb
orbits for α0. Hence the same follows for Φ([Σ]) ∈ RFH(Σ, α, id). We conclude that
c(id;α) = inf {c ∈ R| [Σα] ∈ ιcid (RFHc∗ (Σ, α; id))} = 0.

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Remark 5.19. For ϕˆ =
{
t 7→ ϕtTRα
}
or ϕˆ a loop, analogous arguments as in the proof of
Corollary 5.17 show that if we assume ‖αs‖Js to be sufficiently small then the corresponding
spaces of Floer trajectories M−T+a−T (Aϕˆsλs ) and M−T−T+a(Aϕˆsλs ) are empty for a /∈ (−ǫ, ǫ) (see
Property (a) below). The main point about this argument is, that there is a spectral gap
around 0 ∈ Spec (ϕˆs;αs).
Meanwhile for ϕˆ any path of contactomorphisms (not of the type mentioned above), we
have
Spec (ϕˆ;α) = {η | ϕˆ has a translated point with time shift − η w.r.t. α} .
Let α0 be without contractible Reeb orbits and η ∈ Spec (ϕˆ0;α0). Let λs be a homotopy as
usual between rα0 and λ ∈ Ω(α0, α1) where α1 ∈ C(ξ) and look at flow lines inMτη
(
Aϕˆsλs
)
.
Define
δs := inf {τs − η | τs ∈ Spec (ϕˆ;αs) , τs 6= η } .
Then for ϕˆ = id (or ϕˆ a loop, or a path along the Reeb flow) we can bound δs away from
0. For general φˆ, however, it may happen that infs δs = 0 and thus there is no spectral gap
around 0.
Further, one can show that the spectral number satisfies the following properties.
(a) For any ϕˆ ∈ PCont0 (Σ, ξ) the spectral number is a critical value of Aϕˆ(α0,α), that
is c(ϕˆ;α) ∈ Spec(ϕˆ). In particular, for the Reeb flow t 7→ ϕtTRα we have that
c(t 7→ ϕtTRα ;α) = −T . Indeed, let ϕˆ be the path t 7→ ϕtTRα. The critical points are
closed Reeb orbits and then one moves along the Reeb orbit for time −T . Thus
Spec
(
ϕtTRα ;α
)
= {−T + {set of contractible Reeb periods of α}}
compare this also to Remark 5.2. From this it is clear that c(ϕtTRα0 ;α0) = −T .
For (ϕˆRαs ;αs) a family it is still true that
Spec
(
ϕtTRαs ;αs
)
= {−T} + {set of contractible Reeb periods of αs}
By Lemma 5.18 there is a constant ǫ > 0 so that the family of Reeb vector fields
Rαs has no nonconstant Reeb orbit with period in (−ǫ,+ǫ) and hence
Spec (id;αs) ∩ (−ǫ,+ǫ) = {0} .
Hence, {−T} is an isolated component of the set Spec
(
ϕtTRαs ;αs
)
. By continuity
of the map (ϕˆ;α) 7→ c(ϕˆ;α), as proved in Proposition 5.16, and the fact that
c(ϕtTRα0 ;α0) = −T , we have
c
(
ϕtTRαs ;αs
)
= −T, ∀s.
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(b) The map c descends to a well defined map
c : C˜ont0 (Σ, ξ)→ R,
where C˜ont0 (Σ, ξ) denotes the the universal cover of Cont0 (Σ, ξ).
In particular, using Proposition 5.14 and property (a) one can show the following.
Corollary 5.20. Let ϕˆ ∈ PCont0 (Σ, α) with contact Hamiltonian lt. Then, if
lt < 0, ∀t ∈ [0, 1] ⇒ c(ϕˆ;α) > 0 and if
lt > 0, ∀t ∈ [0, 1] ⇒ c(ϕˆ;α) < 0.
The following argument is from [AFM13, Proof of Corlollary 4.4].
Proof of Corollary 5.20. This follows now from Proposition 5.14 and property (a).
For lt < 0 there is ǫ > 0 so that lt ≤ −ǫ < 0. The constant function ǫ generates the path{
t 7→ ϕtǫRα
}
which by property (a) has spectral number −ǫ. Proposition 5.14 implies that
for lt ≤ −ǫ,
c(ϕˆ;α) ≥ c(t 7→ ϕ−tǫRα ;α) = ǫ > 0.
Analogously, we have for lt ≥ ǫ > 0
c(ϕˆ;α) ≤ c(t 7→ ϕtǫRα;α) = −ǫ < 0.

Now, let ϕˆ = {ϕt}t∈S1 be a loop of contactomorphisms. Then one can show a more specific
result about the spectral number.
Proposition 5.21. Let ϕˆ be a loop of contactomorphisms. Then, if c(ϕˆ;α) 6= 0 there exists
a Reeb orbit of period −c(ϕˆ;α) which belongs to the free homotopy class −uϕˆ.
Also, c(ϕˆ;α) = 0 if and only if −uϕˆ is the class of contractible loops.
The proof goes analogously to the proof of [AFM13, Lemma 4.3].
Proof of Proposition 5.21. In the situation where ϕˆ is in fact a loop, then a critical point
(x, r, η) of Aϕˆ is precisely the concatenation of a closed Reeb orbit of period η with the
loop t 7→ ϕt(x) for some x ∈ Σ.
Assume that c(ϕˆ;α) 6= 0. Then, by property (a), there is a Reeb orbit with period
η = c(ϕˆ;α). Again the loop (x, r, η) is contractible and since it consists of the concatenation
of a Reeb orbit with the orbit x 7→ ϕt(x) this means that the Reeb orbit lies in the free
homotopy class −uϕˆ.
Now, assume that c(ϕˆ;α) = 0. Then, by property (a) of the spectral number, there must
be a Reeb orbit with η = 0 and thus there is a critical point which is of the form (x, r, 0)
where x(t) = ϕt(x). But since Aϕˆ is defined on the set of contractible orbits, this implies
that x(t) is contractible and thus uϕˆ is trivial.
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To prove the converse, note that the same argument as in the proof of Proposition 5.16
shows that for a loop ϕˆ, c(ϕˆ, α0) = 0 implies c(ϕˆ, α) = 0. So if c(ϕˆ, α) 6= 0, we have that
c(ϕˆ, α0) 6= 0 and hence there is a Reeb orbit with respect to α0 in −uϕˆ. The assumptions
on α0 then imply that −uϕˆ is a non-trivial class. 
Note that by Corollary 5.17 and Corollary 5.20 we have for each positive loop
c(ϕˆ;α) < c(id;α) = 0, ∀α ∈ C(ξ).
Therefore, in this setting a positive loop is never contractible.
As a corollary of Proposition 5.21 we have the following result which proves Theorem 1.7.
Corollary 5.22. Let (Σ, ξ) be a hypertight contact manifold. If there exists a positive loop
ϕˆ ∈ Cont0 (Σ, ξ), then for any supporting contact form there exists a closed Reeb orbit in
the non-trivial free homotopy class −uϕ, i.e. there always exists a non-contractible Reeb
orbit.
Appendix A. Full Proof of Proposition 5.16.
Here we proof continuity in the second component.
Let α = α1 ∈ C(ξ) be any supporting contact form. Let {αs}s∈[1,2] be a homotopy of
supporting contact forms starting at α1, {λs}s∈[1,2] with λs ∈ Ων(α0, αs) a corresponding
homotopy of 1-forms, {Js} a homotopy of SFT-like almost complex structures compatible
with dλs. We prove that the map s 7→ c(ϕˆ, αs) is continuous in s = 1. Assume w.l.o.g.
(see Chapter 4) that the continuation maps
Φ˜ : CF
(
Aϕˆλ1
)
→ CF
(
Aϕˆλ2
)
are well-defined and induce isomorphisms in homology. Let C0 and C1 be the constants
determined in Lemma 4.2.
Note that if we choose σ > 1 sufficiently small we can find as in Section 4 a homotopy
{λ˜s}s∈[1,2] between λ1 and λσ such that C˜(σ) = sups∈[1,2] supΣ×(0,e2ν ] ‖λ˜s‖Js is arbitrarily
small. We denote by Φ1,σ the corresponding isomorphism in homology.
We prove the following
Claim: For all ǫ > 0 and all a ∈ R there is δ = δ(a, ǫ) > 0 such that if {λ˜s} satisfies
C˜(σ) < δ we have that
Ma+a (Aϕˆλ˜s) = ∅, for all a+ with a+ − a ≥ ǫ (18)
and
Maa
−
(Aϕˆ
λ˜s
) = ∅, for all a− with a− a− ≥ ǫ. (19)
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We proof the claim. Fix σ > 1, let a+, a− ∈ R with a+ ≥ a− and consider a trajectory
(u(s), η(s)) in Ma+a
−
(Aϕˆ
λ˜s
). Assume that we have C˜(σ) < 1. Then (see the proof of Lemma
4.3)
a+ − a− ≤ −E(u(s), η(s)) +
∣∣∣∣∫ 1
0
∫
S1
(u(s))∗(∂sλs) dt ds
∣∣∣∣
≤ −E(u(s), η(s)) + C˜
(
E(u(s), η(s)) + 1 + ‖η‖∞ sup
s∈[1,σ]
‖XλsH ‖Js + sup
s∈[1,σ]
‖XλsL ‖Js
)
≤ C˜
(
1 + ‖η‖∞ sup
s∈[1,2]
‖XλsH ‖Js + sup
s∈[1,2]
‖XλsL ‖Js
)
≤ C˜
(
1 +
1
1−AB
∥∥XλsH ∥∥∞ + ‖XλsL ‖∞) .
Note that sups∈[1,σ]
∥∥XλsH ∥∥Js ≤ sups∈[1,2] ∥∥XλsH ∥∥Js = ∥∥XλsH ∥∥∞ is finite and analogously for
XλsL . Here, we can estimate A from the proof of Lemma 4.3
A = C˜ sup
s∈[1,σ]
‖XH‖Js
(
2C1C˜ +
2
C0
+ C1
)
≤ C˜ ∥∥XλsH ∥∥∞ (3C1 + 2C0 )︸ ︷︷ ︸
=:K
<
1
2
,
if we assume C˜ < min{1, 1
2K
}. Also
B = C1 (1 + max {|a+|, |a−|}) +
(
2 |a− − a+|+ 2C˜
(
1 + ‖XλsL ‖∞
))(
C1C˜ +
1
C0
)
+ C1C˜
C˜<1≤
(
C1 + 2
(
1 + ‖XλsL ‖∞
)(
C1 +
1
C0
)
+ C1
)
︸ ︷︷ ︸
=:K0
+C1max {|a+|, a−|}+ 2
(
C1 +
1
C0
)
︸ ︷︷ ︸
=:K1
|a− − a+|
≤ K0 + C1max {|a+|, |a−|}+K1 |a− − a+| .
Hence
a+ − a− ≤ C˜(1 + 2K0
∥∥XλsH ∥∥∞ + 2C1 ∥∥XλsH ∥∥∞max {|a+|, |a−|}+K1 ∥∥XλsH ∥∥∞ |a− − a+|+ ‖XλsL ‖∞)
= C˜
(
1 + 2K0
∥∥XλsH ∥∥∞ + ‖XλsL ‖∞)︸ ︷︷ ︸
=:K˜0
+C˜
∥∥XλsH ∥∥∞ · 2C1︸ ︷︷ ︸
=:K˜1
max {|a+|, |a−|}
+ C˜
∥∥XλsH ∥∥∞K1︸ ︷︷ ︸
=:K˜2
|a− − a+|.
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Let δ˜ > 0, we determine it later, and choose δ > 0 with
δ < min
{
1,
1
2K
,
ǫ
2K˜0
,
1
4K˜1
δ˜,
1
4K˜2
}
. (20)
If we have C˜(σ) < δ, then
a+ − a− < 1
2
ǫ+
1
4
δ˜max{|a+|, |a−|}+ 1
4
|a− − a+|,
and thus
3
4
(a+ − a−) < 1
2
ǫ+
1
4
δ˜max{|a+|, |a−|}. (21)
In the following we determine δ˜ and thereafter δ in (20) such that the claim follows from
(21) by contradiction. It is sufficient to find δ1(a, ǫ) such that (18) holds and δ2(a, ǫ) such
that (19) holds. We show the first assertion, the second being analogous.
So, fix a ∈ R. Let a+ ∈ R with a+ − a ≥ ǫ and assume that there is a trajectory in
Ma+a (Aϕˆλ˜s). So (21) holds with a− = a. We distinguish the cases a ≥ 0 and a < 0:
If a ≥ 0, then |a+| > |a| and with δ˜1(a, ǫ) = 1− aa+ǫ > 0 we have
δ˜1max{|a+|, |a|} ≤
(
1− a
a+
)
a+ = a+ − a
and therefore (21) with δ˜ = δ˜1 implies a+ − a < ǫ. Hence, if we choose δ1(a, ǫ) accordingly
in (20), we get a contradiction if C˜(σ) < δ1.
If a < 0 choose δ˜1(a, ǫ) = min{1, ǫ|a|} and δ1(a, ǫ) accordingly in (20) to get a contradiction
if C˜(σ) < δ1. Namely if |a+| ≥ |a| we have that |a+| = a+ < a+ − a. Since δ˜1 ≤ 1,
(21) implies a+ − a < ǫ, a contradiction to our assumption. If |a+| < |a| we get the same
contradiction by (21), since δ˜1 ≤ ǫ|a| . This proves the claim.
The proof of the Proposition now proceeds as follows.
Let c = c(ϕˆ, α1). Let κ0 > 0. Let ǫ > 0 and consider δˆ = minc¯∈{c−κ0,c+κ0} δ(c¯, ǫ), where
δ is given by the claim. Choose σ0 > 1 such that there is for each σ with 1 < σ < σ0 a
homotopy {λ˜s} as described above with C˜(σ) < δˆ.
Let 0 < κ < κ0 and let [X ] be a nonzero class in RFH(Σ, λ1; ϕˆ) with
[X ] ∈ ιc+κϕˆ (RFHc+κ(Σ, λ1; ϕˆ)), [X ] /∈ ιc−κϕˆ (RFHc−κ(Σ, λ1; ϕˆ)).
TRANSLATED POINTS ON HYPERTIGHT CONTACT MANIFOLDS 33
Consider the nonzero class Φ1,σ([X ]) ∈ RFH(Σ, λσ; ϕˆ). Result (18) from the previous
claim shows that it can be represented by chain elements in Crit (Aϕˆλσ) with period less
then c+ κ + ǫ, so
Φ1,σ([X ]) ∈ ιc+κ+ǫϕˆ (RFHc+κ+ǫ(Σ, λσ; ϕˆ)).
We can also conclude that
Φ1,σ([X ]) /∈ ιc−κ−ǫϕˆ (RFHc−κ−ǫ(Σ, λσ; ϕˆ)).
Namely assume the contrary. So Φ1,σ([X ]) can be represented by chain elements all having
periods smaller or equal c − κ − ǫ. Result (19) from the claim for the inverse homotopy
shows
Ψσ,1(Φ1,σ([X ])) ∈ ιc−κϕˆ (RFHc−κ(Σ, α1; ϕˆ)).
But since Ψσ,1 ◦ Φ1,σ = id, it follows that
[X ] ∈ ιc−κϕˆ (RFHc−κ (Σ, α1; ϕˆ))
which contradicts the assumption about [X ].
To conclude the proof note that [Σ(ϕˆ,α1)] satisfies precisely the assumption about [X ] above
for all κ with κ0 > κ > 0. Since Φ1,σ([Σ(ϕˆ,α1)]) = [Σ(ϕˆ,ασ)] we conclude that for all σ with
0 < σ < σ0,
|c(ϕˆ;ασ)− c(ϕˆ;α1)| < ǫ.
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